INTRODUCTION
In this note we consider the existence of multiple solutions of a class of semilinear elliptic equations with superlinear nonlinearity. A simple model equations is 44 Z. Q. WANG where Q c Rn a bounded domain with regular boundary. We assume f satisfies the following conditions: (1) possesses at least three nontrivial solutions. Remark 1 .l. -There have been many results studying superlinear elliptic equations like (1) . In [I] , under essentially the same conditions as here Ambrosetti and Rabinowitz obtained two nontrivial solutions. They also obtained infinitely many solutions in the case of an odd nonlinearity f. After that many results were devoted to the studies of multiple solutions for equations like (1) , mainly for the perturbations of odd nonlinearity (see [2] , [3] , [13] , [15] and so on). On the other hand, without any symmetrical assumptions infinitely many solutions were obtained in the case of h =1 for both Dirichlet and periodic boundary contitions (see [10] , [12] ). Our results establish multiple solutions of (1) in dimension two or greater without assuming any symmetry. Under much stronger assumptions on the nonlinearity than ours a similar result was obtained in [14] by a different method, but with an error. After finishing this paper we received a correction of [14] from Struwe in a private communication.
Remark 1.2. -The idea here is quite simple, but might be useful to obtain more solutions of equation (1) without assuming any symmetry. Our approach is to construct a link, which gives a new critical point, from known critical points. We shall look for unknown critical points from two "Mountain Pass" critical points, just as from two local minimal critical points one may obtain a "Mountain Pass" critical point.
The paper is organized as follows. In section 2 we give the proof of the main theorem in three steps. 1. Recall the existence of two nontrivial solutions obtained in [1] . 2. Analyze the local behaviours of the functional corresponding to equation (1) near these two solutions. 3 . The existence of the third solution. In section 3, based on the step 1 and 2 in section 2, we give a different proof of the existence of the third solution by using Morse theory for isolated critical points developed in [5] .
ON A SUPERLINEAR ELLIPTIC EQUATION
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THE PROOF OF THE MAIN THEOREM
It is well known (see [1] ) that the classical solutions of equation (1) correspond to the critical points of the following functional defined on and that under the assumptions of the theorem J E C1 and satisfies (P.S.) condition. The proof of the theorem is divided into the following three steps.
Step 1. -The existence of two nontrivial solutions. As in [I], we define and consider the modified functional where F (t) _ (i) di. 0 One may check that J E C2 (H, R) and satisfies (P. S.) condition (see [ 1 ] ).
By f3 we can choose a r > 0 large enough, where el is the first eigenfunction of (-4) Set and Vol. 8, n° 1-1991. 46 Z. Q. WANG By fl, c 1 > 0 and applying Mountain Pass lemma (see [1] ) we get that cl 1 is a critical value of J. That is, there exists ul E Ho (Q) satisfying J and By means of the maximum principle we get ui > 0 and then is a solution of equation (1) .
By the similar procedure we can get the other solution u2 o. Without loss of generality we assume (u2) = c2. To get an additional nontrivial solution we need the local information of J near which looks like a "local link". In the next step, by using this "local link" we construct a global link which gives a new critical value We use the following notations. For a real c E R, denotes the norm.
For the simplicity, assume K~ 1 (J) = ~ though our approach works in more general situation, for example K~ finite. Since 
0, it follows from a direct calculation
Hence if ul is a nondegenerate critical point of J, it is a nondegenerate critical point of J too. And then J and J have essentially the same local behaviours near ul. However the situation might be degenerate. The main tool we use is the generalized Morse lemma (see [5] , [7] ). LEMMA 2. 1 (Generalized Morse Lemma). -Suppose that U is a neighbourhood of the origin 8 in a Hilbert space H and that g E C2 (U, R). Assume that 8 is the only critical point of g, and that A = g" (o) with kernel N. If 0 is at most an isolated point of the spectrum 6 (A), then there exists a ball Bs, centered at 8, an origin preserving local homeomorphism ~, defined on Bs, and a C 1 mapping h : Bs n N -~ N1 such that where y = PN u, z = PN| u and PN is the orthogonal projection onto the subs pace N. Now let us denote the kernel of J" (ul) by N Because of the lack of minimax characterization of ul in terms of J we
can not give precise information of J directly. The proof of proposition depends on the following two lemmas which give the comparison of J and J as well as the local behaviour of J near ul. From the definition of h (see [5] for the proof of Lemma 2 .1 ), h is the unique solution of equation From this, one may find constant C Combining the above formula and LP estimate again we get which gives the required estimate (ii) of Lemma 2. 2. Proposition 2.1 and lemma 2.3 look the same. The difference is that there is a variational characterization of c 1 in terms of J, that is, ul is obtained by applying Mountain-Pass lemma to J. In this spirit, much more information has been obtained by Hofer, Tian (see [5] , [8] , [16] ). Lemma 2. 3 essentially is a consequence of their results. A short proof of lemma 2. 3 is given in the following. Firstly, we need a version of deformation lemma (see [8] Step 3. -The existence of the third nontrivial solution. In this step, by using the local structure of J near ui 1 we construct a link. And the minimax method will give a new critical value of J bigger than ci (similar idea was used in [11] ). We just consider the case of m _ (ul) = 0 and the other one can be handled similarly. where B~ is the two dimensional unit ball. If the minimax principle gives that c~ is a critical value of J. To prove c3 > cl it suffices to prove the following Lemma 
AN APPROACH VIA MORSE THEORY
In this section we use Morse theory for isolated critical points to give some homological characterizations of the solutions of equation (2.1). A different proof of the existence of the third solution of equation (2 .1 ) will be given. Now we recall the definition of the concept of critical groups for a smooth function at an isolated critical point, which was given and studied in [5] . DEFINITION 3.1 (see [5] ). -Suppose that u is an isolated critical point of J, the critical groups of J at u are defined by, where J (u) = cl, U is a neighbourhood of u, H~ is the singular homology group with the coefficients groups ~ , say Z2, R.
By the excision property we know the definition does not depend on the choice of U. The following result was proved in [5] . To prove the above theorem we need the following lemma (see [4] for similar result). Obviously, So we proved Lemma 3 . 2. Now we give Proof of Theorem 3 .1. -Firstly, we known, by ( f 1 ), 8 is a local minimal critical point of J, then we have (see [5] and Take a exact triad (Jbl Jb2 Jb3), then we get an exact sequence (see [6] ) By Lemma 3 . 2 it is easy to see we have ,herefore we get 'fake q=0, we get a contradiction with (20), (21) and (22).
.
